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Abstract. The first part of the paper is on the math- 
ematics of my topic, which is the work of Ramanujan 
and Robin on the Riemann Hypothesis (RH). The sec- 
ond part is on the history. 

1. MATHEMATICS 

Definition. The sum- of- divisors function a is de- 
fined by 

a(n) ■=Y. d = n Y.- d - 

d\n d\n 

In 1913, Gronwall found the maximal order of a. 

GronwalPs Theorem. The function 

G(ri) •= °"( n ) (n > I) 

V / ' n log log n \ ' 

satisfies 

limsup G(n) = e 7 = 1.78107. . . , 

n— ^oc 

where 7 is Euler's constant. 




Thomas Hakon GRONWALL (1877-1932) 



Gronwall's proof uses: 
Mertens's Theorem. If p denotes a prime, then 




Franz MERTENS (1840 1927) 



Ramanujan's Theorem. If RH is true, then for 
no large enough, 

n > no G(n) < e 7 . 



Here is an excerpt from his proof. 

Ramanujan: . . . assume that . . . s > . . . ifp is the 
largest prime not greater than x, then 

log 2 log 3 log 5 \ogp 

t — ~ ~r — ~ -r * ' ' H : O 



2 s - 1 3 5 - 1 5 s - 1 - 1 

'2 X 5 — 1 J2 # _ 1) 

5^ it is known that 

l 

X - &{x) = \/x + XZ + 2^ h °{ X5 } 

where p is a complex root of C{s). . . . 

The last equation is a variant of the classical explicit 
formula in prime number theory. This shows "explic- 
itly" (pun intended) how Ramanujan used RH in his 
proof. 



Georg Friedrich Bernhard RIEMANN (1826-1866) 



Robin's Theorem. RH is true if and only if 
n > 5040 (= 7!) =^ G(n) < e 1 . 




Guy ROBIN 
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GRANDES VALEURS DE LA FONCTION 
SOMME DES DIVISEURS ET HYPOTHESE 

DE RIEMANN 
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RfcsuMfc, — Soil ct la fonction o{n) = £ d, Le but de rat article est de prouver que si i'hypothese de 

Rienrniui esi vraie, on a cr(n}<*T n i og i og „ pour b^504L (y est Ja constante d'Eder). Si l'hypotbise de 
Riemann est fausse, on moritre aussi qu'i] exhte une infinite de n tflls que o(ri)>e 1f ii log Jogn et Vft£3, 
tr(n)<* T n log log fl + 0,6483 oflog log /(. 

Abstract. — Let be the function a(n)= X <f- The aim of this paper is to pnne that under Riemaan'* 

hypothecs, c (n) «?n log log n for rt£5 041, (y is Eulers constant). If Riertjanifs hypothesis Ls faJse it is 
shown that for infinitely many n, a(tt)><r*n log Jog pi and V n£3 h a(n)«** log log n + 0,648 3 n/log log n, 

Robin's paper on a and RH, 
Journal de Mathematiques Pures et Appliquees, 1984 



The sum-of-divisors function a and Euler's totient 
function cj) 1 defined 

i 



4>{n):= J2 1 = n Il( 1 

l<k<n p n 

(k,n)=l 

are related by the inequalities 

6 a(n) 6(n) 



P. 



7T 2 n n 

which hold for all n > 1. 

Robin used ideas from a result on the (f) function 
proved by his thesis advisor Nicolas in 1983. 

Nicolas's Theorem. RH is true if and only if 
p prime =^ > e^loglogp^, 



where pj^ :=2x3x5x---x_p denotes a primorial 




Jean-Louis NICOLAS 



Nicolas in turn used a method of Landau. 




RECENT RESULTS 

Definition. An integer TV > 1 is a GA1 number 
if TV is composite and G(N) > G(N/p) for all prime 
factors p. Call N a razra&er if G(N) > G(aN) 
for all multiples aN. 

Caveney, Nicolas, and S.'s Theorems. 

1. RH is true if and only if 4 is the only number 
that is both GA1 and GA2. 

2. A GA2 number N > 5040 exists if and only if 
RH is false, in which case N is even and > 10 




Geoffrey CAVENEY 



2. HISTORY 



My story begins in 1915 when Ramanujan published 
the first part of his dissertation "Highly Composite 
Numbers" fHCN 



Papers Published in the Proceedings of the London Mathematical Society 
S. Ramanujan 

Highly Composite Numbers 

Proc. London Math. Soc. (1915) s2_14(l): 347-409 doi: 10. 1112/plms/s2_14. 1.347 

Part 1 of HCN by Ramanujan, 
Proceedings of the London Mathematical Society, 

1915 



Ramanujan: / define a highly composite number as 
a number whose number of divisors exceeds that of 
all its predecessors. 

His thesis was written at Trinity College, University 
of Cambridge, where his advisors were Hardy and Lit- 
tlewood. 




John Edensor LITTLEWOOD (1885-1977) 




Ramanujan (center) at his degree ceremony, 1916 



In 1944, Erdos published a paper "On highly com- 
posite and similar numbers" with Alaoglu. 
Erdos (in "Ramanujan and I"): Ramanujan had a 
very long manuscript on highly composite numbers 
but some of it was not published due to a paper 
shortage during the First World War. 




Paul ERDOS (1913 1996) 



Erdos: Hardy rather liked this paper but perhaps 
not unjustly called it nice but in the backwaters of 
mathematics. 

Hardy: Even Ramanujan could not make highly 
composite numbers interesting. 
Dyson: Hardy said this to discourage me from work- 
ing on H. C. numbers myself. I think he was right. 




Freeman DYSON 



In 1982 Rankin published a paper on "Ramanujan's 
manuscripts and notebooks" . Rankin quoted Hardy's 
1930 letter to Watson in which Hardy mentioned "the 
suppressed part of HCN" . 

Rankin: The most substantial manuscript consists 
of approximately 30 pages of HCN carrying on from 
where the published paper stops. 

By a curious coincidence, 1981 1982 is also the year 
when Seminaire Delange-Pisot-Poitou published an 
exposition of Robin's Theorem, in which he improved 
on Ramanujan's Theorem without ever having heard 
of it! 

Berndt: It is doubtful that Rankin took notice of 
Robin's paper. I definitely did not. 

Thus Rankin and Berndt on the English- American 
side, and Nicolas and Robin on the French side, were 
not communicating. 




Robert Alexander RANKIN (1915-2001) 



Bruce Carl BERNDT holding Ramanujan's slate 



Berndt: After I began to edit Ramanujan 7 s note- 
books, I wrote Trinity College in 1978 for a copy 
of the notes that Watson and Wilson made in their 
efforts to edit the notebooks. I also decided to write 
for copies of all the Ramanujan material that was 
in the Trinity College Library. Included in their 
shipment to me was the completion of Ramanu- 
jan's paper on highly composite numbers. I put all 
of this on display during the Ramanujan centenary 
meeting at Illinois in June, 1987. 



Nicolas: I keep a very strong souvenir of the confer- 
ence organised in Urbana- Champaign in 1987 for 
the one hundred anniversary of Ramanujan. It is 
there that I discovered the hidden part of "Highly 
Composite Numbers". 

What I have not written is that there was an er- 
ror of calculus in Ramanujan's manuscript which 
prevented him from seeing Robin's Theorem. Soon 
after discovering the hidden part, I read it and 
saw the difference between Ramanujan 's result and 
Robin's one. Of course, I would have bet that the 
error was in Robin's paper, but after recalculat- 
ing it several times and asking Robin to check, it 
turned out that there was an error of sign in what 
Ramanujan had written. 



Ramanujan's Theorem was not explicitly stated by 
him in HCN. Nicolas and Robin formulated it for him 
in Note 71 of their annotated and corrected version of 
HCN Part 2. 

Nicolas and Robin: It follows from [the corrected 
version of Ramanujan's formula] (382) that under 
the Riemann hypothesis, and for no large enough, 

n > no => a{n)/n < e 7 log log n. 

It has been shown in [22] that the above relation 
with no = 5040 is equivalent to the Riemann hy- 
pothesis. 

Here [22] is Robin's paper, which he published three 
years before hearing of Ramanujan's Theorem in 1987. 
However, a reader of Note 71 who neglects to look up 
[22] in the References is left with the misimpression 
that the proof "that the above relation with no = 5040 
is equivalent to the Riemann hypothesis" was given 
after "the above relation" became known! 



In 1993, HCN Part 2 was submitted to Proceedings 
of the London Mathematical Society, which had pub- 
lished Part 1 in 1915. The paper was accepted, but 
could not be published, because Trinity College did 
not own the rights to Ramanujan's papers and was 
not able to obtain permission from his widow, Janaki. 




S. Janaki Ammal (1899 1994), Mrs. Ramanujan 



Janaki passed away in 1994, and the paper was even- 
tually published by Alladi in his newly-founded Ra- 
manujan Journal. 
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Abstract. In 1915, the London Mathematical Society published in its Proceedings a paper of S. Ramanujan entitled "Highly Composite Numbers." But it 
was not the whole work on the subject, and in "The Lost Notebook and Other Unpublished Papers," one can find a manuscript, handwritten by Ramanujan, 
which is the continuation of the paper published by the London Mathematical Society. 

This paper is the typed version of the above mentioned manuscript with some notes, mainly explaining the link between the work of Ramanujan and works 
published after 1915 on the subject. 

Part 2 of HCN by Ramanujan, 
annotated by Nicolas and Robin, 
The Ramanujan Journal, Volume 1 (1997) 




Krishnaswami ALLADI, 
founder of The Ramanujan Journal 



Here my story ends. If it has offended anyone, I 
apologize. 




S. with Ramjee RAGHAVAN, Ramanujan's 
grandnephew, by chance my seatmate on the first leg 
of my flight to the Ramanujan 125 Conference 



